
Homework 4

COMS W3261, Summer B 2021

This homework is due Monday, 7/26/2021, at 11:59PM EST. Submit to GradeScope
(course code: X3JEX4).

Grading policy reminder: LATEX is preferred, but neatly typed or handwritten solutions are
acceptable. Your TAs may dock points for indecipherable writing. Proofs should be complete; that
is, include enough information that a reader can clearly tell that the argument is rigorous.

The tool http://madebyevan.com/fsm/ may be useful for drawing finite state machines.
If a question is ambiguous, please state your assumptions. This way, we can give you credit for

correct work. (Even better, post on Ed so that we can resolve the ambiguity.)
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1 Problem 1 (10 points)

1. (3 points). Show that the context-free grammar G1, given by the rules

S → 0A10 | B10

B → A0 | B1

A→ 00 | ε

is ambiguous by finding a string with two different leftmost derivations. (V = {S,A,B} and
Σ = {0, 1}.)

2. (3 points). Identify the language generated by G1 above. (It’s fine to write this language as
a simple regular expression.)

3. (4 points). Design a context-free grammar that generates the same language as G1 but which
is not ambiguous (i.e., no string admits two distinct leftmost derivations.)
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2 Problem 2 (8 points)

1. (3 points). Identify the language generated by the context-free grammar G2 below. (It’s fine
to describe the language in words or symbols or write a regular expression.)

S → S#S | A
A→ 10 | 0A

2. (5 points). Use the procedure outlined in class to convert G2 to an equivalent pushdown
automata P . (To simplify the state set, you may write a transition function that pushes
strings. For example, you might define δ(q1, a, b) = {(q2, s)} for some string s ∈ Γ∗ as long
as you mention that the process of pushing strings implicitly requires some additional states.
You may write your answer as a 6-tuple or as an equivalent state diagram. Either way, explain
the conversion process.)
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3 Problem 3 (8 points)

1. (3 points). Identify the language generated by the context-free grammar G3 below.

S → A | B
A→ 0A00 |#
B → 0B000 |#

2. (5 points). Prove that the language of G3 is nonregular using the pumping lemma.
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4 Problem 4 (14 points)

1. (3 points). Prove that the class of context-free languages is closed under union. (Hint: We
want to show that the union of any two context-free languages is context-free; i.e., for any
two languages described by context-free grammars, their union can also be described by a
context-free grammar.)

2. (3 points). Prove that the class of context-free languages is closed under concatenation.

3. (3 points). Prove that the class of context-free languages is closed under star.

4. (5 points). Provide a new proof that every regular language is context-free by showing how to
convert any regular expression into an equivalent context-free grammar. (Hint: we defined a
regular expression inductively using three base cases and three recursive cases corresponding
to regular operations. It suffices to explain how each of these cases can be converted into an
equivalent CFG.)
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